The quantum fisher information and quantum correlation parameters are employed to study the application of non-classical light to the problem of parameter estimation. It is shown that the optimal measurement sensitivity of a quantum state is determined by its inter-mode correlations (which depends of path-entanglement) and intra-mode correlations (which depends of the photon statistics). In light of these results, we consider the performance of quantum-enhanced optical interferometers. Furthermore, we propose a Heisenberg-limited metrology protocol involving standard elements from passive and active linear optics, for which the quantum Cramér-Rao bound is saturated with an intensity measurement. Interestingly, the quantum advantage for this scheme is derived solely from the non-classical photon statistics of the probe state and does not depend of entanglement. We study the performance of this scheme in the presence of realistic losses and consequently predict a substantial enhancement over the shot-noise limit with current technological capabilities.
I. INTRODUCTION
The requirement of performing extremely sensitive and high-resolution measurements is ubiquitous in the fundamental and applied sciences. Some examples of this include: gravitational wave detection via optical interferometers [1] , Ramsey interferometry for measuring properties of atoms and molecules [2] , and nano-device fabrication using optical lithography [3] . The fundamental limits on measurement sensitivity and resolution are ultimately dictated by the laws of quantum mechanics. The field of quantum metrology is concerned with determining these limits and providing protocols to realize them by exploiting quantum resources [4, 5] .
We can divide any measurement protocol into three stages: probe preparation, probe modification, and probe readout (see Fig. 1a ). Initially, a quantum state |Ψ o is prepared, which serves as the probing state for the measurement [6] . Then, |Ψ o is modified by some physical mechanism, resulting in a state |Ψ ϕ , which depends on a parameter ϕ that we are interested in estimating. Finally, we measure the expectation value of an observableÔ corresponding to |Ψ ϕ and the resulting signal S(ϕ) = Ψ ϕ |Ô|Ψ ϕ is used to estimate ϕ. As a concrete example, consider a coherent laser field |α that is fed into a 50:50 beam splitter (BS) to obtain the output probe stateV |α ⊗ |0 = | . Finally, the resulting state is * jsahota@physics.utoronto.ca passed through a second 50:50 BS and a relative intensity measurement Ô = â †â −b †b is performed on the output beams. This measurement signal is used to estimate ϕ with estimation error ∆ϕ that is bounded from below by the shot-noise limit (SNL): ∆ϕ ≥ 1/ √n , wherē n = |α| 2 is the mean photon number of |α (see Fig. 1b for a diagram of a MZI). Specifically speaking, one should take into account the number of times the experiment is carried out. If ∆ϕ is determined from k experiments, each of which employ a probe state containingn photons on average, then the SNL is given by ∆ϕ = 1/ √ kn. However, one typically omits this k term for the sake of brevity as we will also do in the following.
In 1981, Caves showed that the unused port of the laser-MZI (as described above) can be injected with a squeezed vacuum state to attain sub-SNL phase error [7] . The probe state created by such a preparation procedure is path-entangled inside the MZI. The success of this pro- tocol initiated efforts to exploit the quantum nature of light in order to reach the fundamental limits of quantum metrology. In another approach, the maximally pathentangled NOON state, |NOON = (|n, 0 + |0, n )/ √ 2, is created inside the MZI. This is the optimal n-photon state for noiseless quantum interferometry as it attains a phase error ∆ϕ = 1/n (this is called this Heisenberg limit) [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Much work has focused on developing quantum schemes that can realize this limit [8, 10, 11, [18] [19] [20] [21] [22] [23] [24] . Unfortunately, these states are easily decohered in the presence of losses, consequently losing their sensitivity to phase changes [25, 26] . This has initiated efforts to find n-photon probe states that are optimal in the presence losses [27] [28] [29] [30] [31] . Aside from improving sensitivity, another challenge of quantum metrology is to generate bright probe states (i.e. states with a large mean photon number) that yield high resolution measurement. Ref. [24] and Ref. [32] propose different methods of creating bright entangled states inside a MZI.
Most quantum technologies rely on the resources of quantum entanglement to accomplish tasks deemed impossible by classical physics. Some examples of such technologies includes quantum computing [33] , quantum teleportation [34] , quantum cryptography [35] , quantumenhanced photodetector calibration [36] , quantum imaging [37] , and lidar [38] . In addition, the aforementioned metrology protocols employ probe states that are pathentangled inside the MZI to beat the classical limit (i.e. the SNL). This has fostered the view that entanglement is necessary for quantum-enhanced metrology. Refs. [39, 40] have challenged this view by demonstrating that the advantage obtained via entanglement is contingent on the measurement employed and the way in which the unknown parameter is imprinted in the probe state, and have further shown that under certain conditions entanglement can even be disadvantageous in a metrology protocol.
In this manuscript, we show that the metrological power of quantum light is determined not only by the inter-mode correlations (i.e. path-entanglement), but also by intra-mode correlations (determined by the photon statistics within each mode and quantified by the Mandel Q-parameter). Hence, we are able to identity scenarios where the fragile property of path entanglement can be discarded, and a "quantum-enhancement" can be attained by leveraging solely the non-classical photon statistics of quantum light. Finally, motivated by these findings, we are able to describe a metrology protocol which attains Heisenberg-limited phase sensitivity without the aid of entanglement. Conveniently, this proposal relies only on commonly employed technologies of passive and active linear optics. Based on the analysis provided, we predict a significant improvement over the SNL in the presence of realistic losses.
II. QUANTUM FISHER INFORMATION
For a general metrology strategy as shown in Fig. 1a , the error ∆ 2 ϕ in the estimated phase is bounded from below by the inverse Fisher information, as given by the Cramér-Rao bound, ∆ 2 ϕ ≥ 1/F . The Fisher information F is determined by the measurement statistics used to estimate ϕ [42] . That is, if a POVM {Π i } describes a measurement on the modified probe |Ψ ϕ , then
Optimizing over measurements, we obtain the quantum Fisher information, which for a pure state equals
where primes denote derivatives with respect to ϕ. Hence, the quantum Cramér-Rao bound reads [42] [43] [44] 
In the case of a MZI, whereÛ (ϕ) = exp[
. This expands to
wheren a =â †â ,n b =b †b and Cov[n a ,n b ] = ( n a ⊗n b − n a n b ). Eq. (3) conveys the resources important for quantum-enhanced optical interferometry. The first two terms describe the photon statistics in each arm of the MZI and the Cov[n a ,n b ] term describes correlations between the arms of the MZI. To make this more explicit, we introduce the Mandel Q-parameter, Q a = (∆ 2n a − n a )/ n a (likewise for modeb), and the mode correlation parameter J = Cov[n a ,n b ]/(∆n a ∆n b ) [45] . Therefore,
The probe states of interest in most phase estimation protocols are symmetric with respect to an exchange (nonphysical) of the MZI arms [46] . This path symmetry assumption implies, n a = n b =n/2 and n 2 a = n 2 b . Therefore,
wheren is the average number of photons in the probe state. For Q > 0 (−1 < Q < 0), the photon statistics within each arm of the MZI is super-poissonian (subpoissonian). The inter-mode correlations (between the arms of the MZI) are described by J , which depends on the path-entanglement of the probe state. We note that J ranges between -1 and 1, meaning that Q should scale asn in order to obtain Heisenberg error scaling whenn is large. Surprisingly, this suggests that the metrological [9] , twin squeezed vacuums, Caves state [7] (assuming the laser intensity equals the squeezed state intensity), the amplified bell state [32] , the twin Fock state [20] , two mode squeezed vacuum and the entangled coherent state [41] (Assuming the mean number of photonsn is such that e −n 1). Note that J is always between -1 and 1, meaning that the super-sensitivity of these probe states results from the scaling of Q rather than mode entanglement whenn is large.
advantage of non-classical light is derived primarily from the photon statistics and not path-entanglement. This fact is depicted in Table I , where we have tabulated the values of Q, J , and F for various path-symmetric MZI probe states that are of interest in quantum metrology. Furthermore, it is evident from Eq. (5) that even separable state (i.e. states for which J = 0) can surpass the SNL, provided that the photon statistics is superpoissonian. For example, the twin single-mode squeezed vacuum probe state |s(r, 0) ⊗ |s(r, 0) , where
is the single-mode squeezed vacuum with phase ϕ, yields Heisenberg-limited phase error. This follows from Eq. (5), since F =n(n + 2), wheren = sinh 2 r. This sensitivity can be attained in principle by performing a parity measurement on one of the output modes of the MZI [47] . Also, note that in Ref. [48] F =n(n + 2) is optimal under the constraint of fixedn. In the case when the photon number is fixed (i.e. are no number fluctuations) the optimal state to be injected into a MZI is the twin Fock state |n/2 ⊗ |n/2 giving the stateV |n/2 ⊗ |n/2 inside the interferometer [20, 48] .
III. HEISENBERG-LIMITED SENSITIVITY WITHOUT ENTANGLEMENT
Now we discuss a practical metrology strategy that provides Heisenberg-limited phase error in the lossless case without employing path-entanglement (i.e. J = 0). In this scenario, a quantum advantage is obtained because the photon statistics of the probe state is superpoissonian. Finally, we investigate the performance of this scheme in the presence of realistic losses, and conclude that a significant improvement over the SNL should be observable with current technological capabilities.
The probe state for this protocol is generated by pumping a strong coherent field |β into a χ (2) crystal. On occasion, a photon from the pump field is converted into a pair of identical photons of the probe field, each of which has half the frequency of the pump field photon. This process, known as degenerate parametric downconversion, is described by the interaction hamiltonian
where theb,b † correspond to the pump field andâ,â † correspond to the probe state. As a result of this interaction, the state created in modeâ is |s(r, 0) , a singlemode squeezed vacuum as described in Eq. (6) [49] . Note that in our proposal the strong classical beam prepared in modeb will serve as the phase reference for the phase ϕ imprinted on the squeezed state. In the undepleted pump regime, the output of the χ (2) crystal is a product state of the coherent classical field and the single-mode squeezed vacuum to be employed as the probe state. Therefore we need not consider the classical pump field in the calculation of the Fisher information [50] . Now we are interested in reversing this squeezing oper-
FIG. 2. (Color online)
The probe state for this scheme is obtained by squeezing the vacuum state |0 to obtain |s(r, 0) . A phase shift occurs between |s(r, 0) and the pump field used to create it, which results in the modified probe state |s(r, ϕ) . Finally, the squeezing operation is reversed and a photon intensity measurement is performed on the resulting state. Note that the pump field has been omitted from this diagram for simplicity.
ation so that |s(r, 0) is anti-squeezed back to the vacuum |0 . This can be accomplished by either retro-reflecting the output modes (both pump and down converted photons) of the χ (2) crystal back onto itself, or by sending these modes into a second χ (2) crystal, which serves to reverse the effect of the first crystal. Both of these techniques are feasible from an experimental standpoint [51] [52] [53] [54] [55] [56] [57] . In order to successfully obtain |0 after antisqueezing |s(r, 0) , there must be a definite phase relation between the probe modeâ and the pump modeb. If modeâ acquires an unknown phase ϕ relative to modeb, then the output of this protocol will be 0) . (8) Here we are denoting the squeezing and anti-squeezing operations asŜ(r) = e r 2 (â 2 −â †2 ) andŜ † (r) respectively. Additionally, the phase shift acquired by modeâ is described byÛ (ϕ) = e iϕâ †â , so that |Ψ f =Ŝ † (r)|s(r, ϕ) (see Fig. 2 ).
The unknown phase ϕ can be inferred from the photon intensity of |Ψ f , which we determine to be
In the previous line we have used the factŜ(r)âŜ † (r) = a cosh r +â † sinh r andn = sinh 2 r. Likewise, we determine the error in this observable to be
We find that the measurement signal S(n, ϕ) is supersensitive to small fluctuations in ϕ:
In fact, this error ∆ϕ scales better than the 1/n Heisenberg scaling. In addition, this value of ∆ϕ saturates the quantum Cramér-Rao bound, as F = 4∆ 2 (â †â ) = 8n(n + 1).
The setup that we have proposed is most sensitive to losses betweenŜ(r) andŜ † (r), and afterŜ † (r) [58] . In order to model the effect of photon loss in this scheme, we insert a fictitious BS with transmissivity η 1 after the phase shift and another one with transmissivity η 2 before the intensity detector (see Fig. 2 and Appendix B for a detailed calculation). Note that we have the freedom to put the η 1 BS before or after the phase shift because this noise operation commutes with the phase shifter. Additionally, another cause of anti-squeezing inefficiency is mode mismatching. This source of error is also accounted for by the η 1 BS. After the modified probe state passes through this fictitious BS, we trace over the environment to obtain [27] 
whereρ ϕ = |s(r, ϕ) s(r, ϕ)|. Likewise, we obtain the final state, right before the photon detector:
withρ f =Ŝ(r)σ ϕŜ † (r). In analogy with the lossless case, we can repeat steps (9), (10), and (11); but now the expectation values in these equations should be computed with respect to the density operatorσ f . Due to the Gaussian nature of this protocol, these calculations can be completed simply by considering the second moments of the creation and annihilation operators (see Appendix B). This yields the noisy signal S(n, ϕ, η) =nη [1 + η + 2nη − 2(n + 1)η cos (2ϕ)] (14) where we have assumed η = η 1 = η 2 for simplicity. This leads to a estimation error which depends of η, ϕ and of coursen:
− 2η(n + 1) η + 4η 2n (2n + 1) + 4ηn + 1 cos(2ϕ)
In order to demonstrate that (15) predicts sub-SNL phase error, we plot the ratio of ∆ϕ SN L = 1/ √ 4n to (15) : ∆ϕ SN L /∆ϕ for various values of η (See Fig. 3  a, b, and c) . Here we have used the fact that the SNL for the single-mode case is equal to ∆ϕ SN L = 1/ √ 4n, which follows from the Fisher information for a singlemode probe, F = 4∆ 2 (â †â ). Note that we do not claim that when losses are present one still attains a better than 1/ √ 4n scaling in the largen limit. Rather, as shown in Fig. 3 , a significant improvement over the SNL is attained for experimental parameters (i.e.n and ϕ) within the range of current technological capabilities.
According to Ref. [59] and Ref. [60] , only a constant enhancement over the SNL is possible when losses are introduced. We note here that our results respect the bounds derived in these references. All though only a constant enhancement over the SNL is possible, such an enhancement can still be quite substantial for a give experiment (i.e. for given experimental parametersn and ϕ) as depicted in Fig. 3 . It should be possible in practice to keep losses low enough in order to observe such a significant enhancement. The Steinberg group has already demonstrated squeezing then anti-squeezing by retro-reflecting with a high efficiency [53] [54] [55] [56] . In addition, as proposed in Ref. [58] , a value of η = 0.99 should be attainable if squeezing and anti-squeezing occur in the same solid-state system, where the non-linear parts are divided by a nonactive space layer. For η = 0.99, we predict a 5-fold improvement over the SNL when n = 1.5 × 10 4 . Note that squeezed states with mean photon number greater thann = 3.5 × 10 4 have been reported in Ref. [61] . If η = 0.95, a 3-fold improvement over the SNL should be observable forn = 2 × 10 4 (See Fig. 3b ). Not only does this scheme yield high sensitivity to small changes in ϕ, it also provides high resolution as the probe state employed can be created with current capabilities, wheren is in the order of many thousands of photons [61] .
Finally note that Ref. [40] and Ref. [62] discuss other Heisenberg limited single-mode quantum metrology schemes. These schemes require non-conventional probe preparation techniques as they employ tailored superpositions of Fock states or coherent states.
IV. CONCLUSION
In summary, we have shown that the metrological power of quantum light is determined by its inter-mode correlations and intra-mode correlations. This yields an alternative to entanglement for leveraging quantum properties, namely non-classical photon statistics, to surpass classical limitations. This is exemplified by our experimental proposal, which employs standard elements of passive and active linear optics, while saturating the quantum Cramér-Rao bound with a simple intensity measurement. This proposal performs well in the presence of realistic losses and generates bright probe states (i.e.n in the order of many thousands of photons with current technological capabilities), thus overcoming some major obstacles of supersensitive and superresolving measurement implementation. moments of the state after the protocol has been applied, explicitly, they are â †â = ηn[1 + η + 2ηn − 2(n + 1)η cos(2ϕ)] (B13) To finalize the calculation we note that for a gaussian state all the normal ordered moments can be expressed as functions of the first and second moments that we already calculated, and that in particular
